Properties of magnon modes localized on a ferromagnetic skyrmion are studied. Three types of possible asymptotic behavior of the modes eigenfrequencies are found for the case of large skyrmion radius Rs, namely ω0 ∼ R −2 s for the breathing mode, ω −|µ| ∼ R −1 s and ω |µ| ∼ R −3 s for modes with negative and positive azimuthal quantum numbers, respectively. A number of properties of the magnon eigenfunctions are determined. This enables us to demonstrate that the skyrmion dynamics based on the traveling wave model is described by the massless Thiele equation.
I. INTRODUCTION
Chiral magnetic skyrmion [1-8] are particle-like topological solitons with an integer topological charge (skyrmion number). In contrast to magnetic vortex [9] [10] [11] , which has half-integer topological charge, skyrmion is a truly localized excitation. As a consequence, the dynamics of the skyrmion is insensitive to the size and shape of a sufficiently large sample, and remote skyrmions do not interact with each other, except the weak stray field effects. This is in strong contrast to magnetic vortices. The possibility to manipulate skyrmions as an "individual particles" together with the topological stability of this "particles" results in a large number of studies during the last years, where skyrmions are considered as key elements for nonvolatile memory and logic devices [3, [12] [13] [14] [15] [16] . This composed the new area of spintronicsskyrmionics [15] .
On the other hand, magnon spintronics [17] is another recently emergent area of spintronics, which is intensively developing in parallel to the skyrmioncs. Magnon transistor [18] and a number of the wave-based logic devices [17, 19] are proposed as key elements for the concept of the wave-based computing [17] . In this regard, the combination of these two trends (e.g. skyrmion-based nonvolatile memory and magnod-baged logic devices) can give a significant push in the development of magnetic computer elements alternatively to the existed semiconductor chips. However, in this case, a deep understanding of properties of the skyrmion magnon modes is required.
The spectrum of linear excitations of any system reflects its fundamental properties, e.g. it enables one to find out conditions of instabilities and analyze their types. Knowledge of spectral dependencies opens wide opportunities for the resonance experimental techniques [20] [21] [22] The presence of the skyrmion resonances can be considered as a proof of presence of skyrmions in the system and values of the eigenfrequencies can be used for determination of values of the material parameters.
Due to the fundamental interest and high importance for the applications the number of studies of magnon spectra of skyrmions were recently carried out [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . However, most of these studies are numerical and the existing theories are far from the completeness. Some important questions are still not clear, e.g. the presence of the high-frequency gyrotropic mode, which is a counterpart to the zero translational mode. It has the same azimuthal symmetry but nonzero eigenfrequency. In some models this mode is responsible for the formal appearance of mass of the topological soliton [10, 28, 29, [33] [34] [35] [36] [37] [38] [39] [40] , see discussion in Sec. V. In most of the mentioned studies this mode was not found [23] [24] [25] [26] . On the other hand, it was found for some cases of large-radius skyrmions [28] [29] [30] .
In this paper we present a detailed study and classification of the skyrmion magnon spectrum. The paper is build as follows. Section II is declaratory in nature, here we explain our model and introduce a system of the dimensional units used in the paper, see Table I . In Sec. III we consider the simplest case of the radially symmetrical magnon mode, so called breathing mode. The general study of the magnon spectrum is presented in Sec. IV.
Here we obtain the asymptotic behavior of the eigenfrequencies of all localized modes. Additionally we find out a number of properties of the modes eigenfunctions, e.g. the orthogonality condition. These properties are utilized in Sec. V, where we use the collective variables approach in order to demonstrate that the skyrmion dynamics based on the traveling wave model is described by the massless Thiele equation.
II. MODEL AND STATIC EQUILIBRIUM SOLUTIONS
Here we consider the case of chiral skyrmion, which is stabilized in perpendicular easy-axial ferromagnetic film without external magnetic field influence. The advantage of the field-free case is that the skyrmion can have an arbitrary large radius. However, the problem of the magnon spectrum is still not studied systematically for this case. In our model we take into account three contributions into the total energy of the ferromagnetic film
here the integration is performed over the film area and L is the film thickness, which is assumed to be small enough to ensure uniformity of the magnetization in the perpendicular direction. The first term of the integrand is the exchange energy density with E ex = i=x,y,z (∂ i m) 2 , and A is the exchange constant. Here m = M /M s is the unit magnetization vector with M s being the saturation magnetization. The second term is the perpendicular easyaxis anisotropy with K > 0 and m z = m·ẑ is the magnetization component normal to the surface. The last term represents the Dzyaloshinskii-Moriya interaction (DMI) with E d = m z ∇ · m − m · ∇m z . This inhomogeneous DMI is associated with the C ∞v symmetry of (idealized) ultrathin films [7, 42, 43] or bilayers [44] , stems from the relativistic spin-orbit coupling [45, 46] , and selects a fixed sense of rotation for any twisted noncollinear magnetization configuration.
In the following we introduce a system of dimensionless units, explained in the Table I . The proposed units of measurement have the following physical sense: magnetic length is a typical width of a domain wall in the given system with vanishing DMI and σ is the energy per unit area of such a domain wall, Ω 0 is frequency of the uniform ferromagnetic resonance with γ 0 being the gyromagnetic ratio, E bp is energy of Belavin-Polyakov soliton [47] , which coincides with energy of a skyrmion with infinitesimally small radius.
The constraint |m| = 1 is encoded by using the spherical angular parameterization m = sin θ cos φx + sin θ sin φŷ+cos θẑ. Magnetization dynamics is described by Landau-Lifshitz equations sin θφ = 4π δE δθ ,
where the overdot denotes the derivative with respect to the dimensionless time τ = tΩ 0 , and E = E/E bp is the dimensionless energy. Here and below, all distances are measured in units , in accordance with Table I . For the proposed system of units the dimensionless DMI constant d = D/σ is the only parameter, which controls the system. The described model is characterized by the critical value of the DMI constant d 0 = 4/π, which separates two ground states, namely the uniform state m = ±ẑ for the case |d| < d 0 , and helical periodical state for |d| > d 0 [6, 41, 46, [48] [49] [50] . For the case 0 < |d| < d 0 Eqs. (2) have a stationary skyrmion solution θ = Θ(ρ) and φ = Φ(χ), where Φ = χ + Ψ 0 and {ρ, χ} are polar coordinates. This is an excitation of the uniform ground state. The skyrmion profile is determined by equation [5, 6, 41, 49, 50] 
where 
III. LARGE-RADIUS SKYRMION AND RADIALLY SYMMETRICAL MODE
The skyrmion profile is a localized function [6, 41, 49, 50] , this enables one to introduce the skyrmion radius R s as solution of the equation cos Θ(R s ) = 0. Skyrmion radius R s strongly depends on the DMI constant [6, 41] : Fig. 1(a) . For a large-radius skyrmion R s 1 one can easily estimate the asymptotic behavior of R s . In this case the skyrmion profile is well described by the circular domain wall Ansatz
Here the skyrmion radius R s , phase Ψ and width ∆ are treated as collective variables. This is in contrast to the number of the previous papers [28, 37, 41] , where the model (4) was used for the constant ∆. Normalized energy of the skyrmion, which is described by the model (4), reads (5) is reached for the following equilibrium values of the collective variables: ∆ 0 = |δ| and Ψ 0 = 0 (Ψ 0 = π) when δ > 0 (δ < 0). And the skyrmion radius reads
In the limit case δ → 1 the estimation (6) (2) as extrema of the action functional S = Ldτ with the Lagrange function
Ansatz (4) represents a circularly closed domain wall. It is well known [51] [52] [53] [54] [55] that dynamics of the width ∆ of the 1D domain wall has essentially different timescale as compared to the timescale of the domain wall position (R s ) and phase (Ψ), namely ∆ fast relaxes towards its equilibrium value determined by the much slower variables R s and Ψ. Therefore, an assumption that ∆ is a "slave" variable works wery well in the most cases. Here we assume that the same is true for the circularly closed domain wall if R s 1. In this case the substitution of Ansatz (4) into (7) results in the following effective Lagrange function
As follows from (8) the skyrmion area is the canonically conjugated momentum for the skyrmion phase. The effective Lagrange function (8) generates a set of two equations of motion for Ψ and R s , which have a static equilibrium solutions (6) and Ψ 0 , which is determined above. The corresponding linear dynamics in vicinity of the equilibrium state is characterized by the eigenfrequencỹ
The corresponding asymptotics are shown in Fig. 1(b) and Fig. 2(b) .
IV. GENERAL DESCRIPTION OF THE MAGNON SPECTRA
The dispersion relation of linear excitations (magnons) of the uniform ground state is not influenced by the DMI and coincides with the common dispersion for the easy-axis magnets ω = 1 + q 2 with q = k being the dimensionless wave-number. Thus, one has the continuum spectrum with ω ≥ 1 for the frequencies above the anisotropy-induced gap. In the following we are interested in magnons over the equilibrium skyrmion state. For this purpose we introduce small excitations of the stationary solution: θ = Θ + ϑ, φ = Φ + ϕ/ sin Θ. Equations (2) linearized with respect to the excitations results in
Here the Laplace operator has the form ∆ = ∆ ρ +ρ −2 ∂ 2 χχ and the potentials are as follows
Here a prime denotes derivative with respect to ρ. Equa-
, where the azimuthal wave number µ ∈ Z determines the nodes number (2|µ|) when moving around the skyrmion center in azimuthal direction, and η is an arbitrary phase. The eigenfrequencies ω and the corresponding eigenfunctions f , g are determined by the following eigenvalue problem (EVP)
for a Hermitian operator Here ψ = (f, g) t , and σ x is the first Pauli matrix. The formulated EVP (11) structurally coincides with the corresponding EVP previously formulated for the case of magnons over precessional solitons in easy-axis magnets [37] [38] [39] , magnetic vortices in easy-plane magnets [36, 56] , and magnetic skyrmions [23] [24] [25] [26] . Note that there is an alternative formulation of (10) in form of the generalized Schrödinger equation [38, 56] , see Appendix B for details.
The EVP (11) is analyzed both analytically and numerically, for details see Appendix A. Equations (11) are invariant with respect to the simultaneous change of sign of three quantities: ω → −ω, µ → −µ and f → −f (or g → −g). This invariance results in a symmetry of the spectrum, which simplifies classification of the modes: one can fix either sign of µ considering both signs of ω or one can fix sign of ω considering both signs of µ. Following the previous studies [23, [36] [37] [38] 56] we choose the latter classification and consider nonnegative frequencies ω ≥ 0.
A number of localized modes are found below the edge of the continuum spectrum. Frequencies of the localized modes strongly depend on the DMI constant, see Fig. 2(a) ; alternatively we demonstrate the dependence on skyrmion radius, Fig. 2(b) , which can be useful for applications. For any value of the skyrmion radius (DMI constant) there are at least three localized modes: radially symmetrical (breathing) mode |µ = 0 and two modes | ± 1 which are called gyrotropic [40] . Due to the translational invariance one of the gyrotropic modes has zero eigenfrequency ω 1 = 0 (in our case this is the mode |+1 ). This mode is called translational, it has the following eigenfunctions [57] f 1 = −Θ and g 1 = sin Θ/ρ, see Fig. 3 . Although the other gyrotropic mode |−1 , has the same azimuthal symmetry as the translational one, its eigenfunctions f −1 and g −1 are completely different, see Fig. 3 . For a small radius skyrmion the eigenfrequency ω −1 of the mode |−1 practically coincides with the edge of the continuum, while for large skyrmions it is inversely proportional to the skyrmion radius, see Fig. 2(b) . It is naturally to call the mode |−1 high-frequency gyrotropic mode.
With the skyrmion radius increasing, the localized modes with higher azimuthal numbers |µ| ≥ 2 appear in the gap. However, it is important to note that for a given µ there is no more than one localized mode. Some examples of eigenfunctions of other localized modes are shown in Fig. 3 . Far from the skyrmion the functions f µ and g µ have the same asymptotic behavior because U 1 → U 2 when ρ → ∞. Note also that the localization area of the eigenfunctions increases when the corresponding eigenfrequency reaches the bottom of the continuum.
The eigenfunctions f µ and g µ has a number of properties, which are important for the future analysis. Here we present the orthogonality condition
which follows from (A3) when the symmetry between branches µ and −µ is taken into account, for details see Appendix A. The analogous orthogonality condition was previously obtained for magnons over precessional solitons [39] . The other properties are listed in (A5), (A6), (A8), and (A11). The found properties of the eigenfunctions enable us to find the eigenfrequencies asymptotics for the case of a large-radius skyrmion with R s 1:
where c µ is a constant, for details see Appendix A. Comparison with the numerical solution enables one to suppose that c µ = µ(µ 2 − 1)/2. The asymptotics (13) are shown in Fig. 2 by the thin lines.
For the case |δ| → 1 (or equivalently R s → ∞) the number of local modes grows infinitely. And in the critical point |δ| = 1 all the modes become unstable (the frequencies of these modes vanish).
V. EFFECTIVE MASS IN A COLLECTIVE VARIABLES APPROACH
Since the skyrmion is an exponentially localized excitation, there is an notion that its dynamics can be ap- proximated by dynamics of a point particle with coordinates R = {X, Y}, which are called collective coordinates. However, the way of definition of the skyrmion center R is not unique. For the first time, the essential dependence of the collective coordinates dynamics on the definition of R was indicated in Ref. 39 for example of the precessional solitons. The recent analysis of numerically simulated skyrmion motion shows [49] that the different definitions result in essentially different types of trajectories R(τ ). In order to describe more complicated trajectories the internal degrees of freedom of skyrmion are involved into the consideration [28] , which results in appearance of an effective mass term in the equations of motion for the collective coordinates [28, 40] . The aim of this section is to utilize the properties of the magnon eigenfunctions in order to (i) determine the physically sound definition of the skyrmion center; (ii) clarify the appearance of the effective mass term.
Collective variable approaches [58] are widely used for analysis of dynamics of soliton-like excitations in magnetic media [10, 55, [59] [60] [61] . They are based on the assumption that the time dependence of the continuum magnetization vector field m can be reduced to the time dependence of a discrete set of collective variables ξ = {ξ 1 , ξ 2 , ...}, i.e. m(r, τ ) = m(r, ξ(τ )). This enables one to proceed from the couple of the partial differential equations (2) to the set of the ordinary differential equations (ODE)
where dS = dS/ 2 is dimensionless area element. See also the tutorial papers Ref. 10 
First of all, it is important to note that the ansatz (15) includes the infinitesimal skyrmion displacements in sense of the traveling wave model. Indeed, the expansion of expressions
in X, Y up to the linear terms and comparison with (15) results in
if the form of the eigenfunctions f 1 = −Θ (ρ) and g 1 = sin Θ(ρ)/ρ is taken into account. The second important observation is that the collective coordinates, which correspond to the traveling wave model, coincide with the first moment (center of mass) of the topological density:
where
is the topological charge density and Q = (4π) −1 J dS is total topological charge of the skyrmion [62] . The expression (18) directly follows from (15) and (17), if the orthogonality property (12) of the eigenfunctions is applied. Definition of the skyrmion center in form (18) was used in a number of papers [11, 49, [63] [64] [65] [66] .
Let us obtain the collective variable equations (14) in the approximation linear with respect to ξ i andξ i . For this purpose we substitute the Ansatz (15) into (14) and perform the integration using the orthogonality property (12) of the eigenfunctions. Finally one obtains the following components of the gyrotensor
Note that α 1 = 2Q. Effective energy, which corresponds to the model (15) has the form (up to the second order terms in A µ and B µ )
Here
, and E 0 in a part of energy which is independent on the collective variables. Expression (20) is a result of the straightforward integration of the energy (1), when the property (A8) is utilized.
Substituting (19) and (20) into (14) one obtains the set of equations for collective coordinates
where the properties (A5) and (A11) were utilized. Following the terminology of Ref. 29 one can conclude from (21) that the mode |1 is a special zero normal mode, which in contrast to inertial zero normal mode [29] does not lead to mass generation. Introducing now a driving potential E → E + U(X, Y), which is assumed to be small enough in order not to change the eigenfunctions significantly, and taking into account (17) , one obtains from (14) the well known Thiele equation for a massless particle [10, 55, 59 ]
Earlier it was shown [67] that in the absence of an external driving the translational mode of the magnetic vortex in an easy-plane ferromagnet does not exist. In other words, the zero translational mode is not inertial [29] for this case. The same results are valid for the case of magnetic skyrmion in a ferromagnetic film with the perpendicularly oriented easy-axis, when the analysis proposed in Ref. 67 is applied. Thus the inertial mass term is not expected in equations for collective coordinates for the case of a ferromagnetic vortex as well as for the ferromagnetic skyrmion. This is in contrast to the case of antiferromagnets [68] and weak ferromagnets [69] , where the mass therm appears in a natural way, since the second order time derivative is initially present in the equation of motion written in terms of the Néel order parameter [70] [71] [72] [73] . However, the inertial mass term is often used in collective coordinates equations for ferromagnetic vortices [10, [33] [34] [35] [36] , precessional solitons [37] [38] [39] 74] and skyrmions [8, 28, 40] . In part, this ambiguity originates from alternative methods of definitions of the soliton center. A frequently used method is based on the first moment of the perpendicular magnetization component [28, 29, 40, 49] 
Thus R signifies the "center of mass" of the m z distribution. Using (15) one obtains (in a linear approximation in amplitudes A i , B i )
In this way a formal coupling between modes |1 and | − 1 is introduced into the system and, as a result, an effective mass term appears [28, 29] . Indeed, excluding amplitudes A −1 and B −1 from equations (14) and (24) one obtains a set of second order ODE for X and Y. For the case of a radially symmetrical potential U = ω g R 2 /2 they can be written in the vector form
However, it should be emphasized that treatment of the position vector R = R as a skyrmion collective coordinate is not physically sound because R does not describe the skyrmion displacement in the sense of the traveling wave model.
VI. CONCLUSIONS
Main results of this paper are as follows: (i) we obtain asymptotic behavior of localized magnon modes over the chiral skyrmion, see (13); (ii) the high-frequency gyrotropic mode is always present in the spectrum, however its frequency practically coincides with the edge of the magnon continuum, except vicinity of the critical point |d| = 4/π; (iii) using the orthogonality relation (12) for the magnon eigenfunctions we show that the collective skyrmion coordinates, which describe its motion in terms of the traveling-wave model, coincides with the first moment of the topological charge distribution; (iv) in terms of these collective coordinates the skyrmion dynamics is massless. For each given value of µ the EVP (11) generates a "ν-spectrum", which is described by the eigenfunctions f µ,ν and g µ,ν with the corresponding eigenfrequencies ω µ,ν . They are determined by the EVP
where ψ µ = (f µ , g µ ) t and H µ = σ x H, see (11b). Operator H µ is hermitian in a Hilbert space H µ with scalar product
This results in real valued eigenfrequencies ω µ,ν , and (A2) enables us to formulate the orthogonality condition (for the given µ):
with C being the normalization constant.
Assuming that for all µ the EVP (A1) has no degenerate eigenvalues, one can present the general solution of (10) in form of partial wave expansion
Equations (A1) are invariant with respect to the simultaneous transformation ω µ → −ω −µ , f µ → f −µ , g µ → −g −µ , and µ → −µ. It means that the ν-spectra can be split into the pairsν = {ν , ν }, which have the properties ω µ,ν = −ω −µ,ν , f µ,ν = f −µ,ν , and g µ,ν = −g −µ,ν . This symmetry is schematically shown in the Fig. 4(a) . It can be utilized in order to present the general solution in a form, which coincides with (A4) but: (i) summation over ν is replaced by summation over pairsν = {ν , ν } and for each pair the only one index ν ∈ {ν , ν } is chosen, which corresponds to a certain sign of the frequency ω µ,ν ; (ii)Ā µ,ν → A µν =Ā µ,ν +Ā −µ,ν andB µ,ν → B µν =B µ,ν −B −µ,ν .
Analyzing numerically the spectrum of the EVP (A1) we found a number of localized modes with |ω µ,ν | < 1. Remarkably for each given µ there is no more than one pairν = {ν , ν }, which corresponds to the localized modes, see Fig. 4(b) . This fact and the above described possibility to fix the sign of the frequency, enables one to omit index ν when classifying the localized modes. Thus, in the following we consider that for each given µ there is no more than one localized mode with eigenfunctions f µ (ρ), g µ (ρ), and eigenfrequency ω µ ≥ 0 (the equality takes place for µ = 1 only). Several examples of eigenfunctions are shown in the Fig. 3 .
The eigenfunctions have a number of useful properties. First of all, for the case of the localized modes, the described above symmetry between branches µ and −µ enable one to write the orthogonality condition (A3) in form (12) .
The next important property is integral relations between the eigenfrequencies and the eigenfunctions:
Here the condition
means that the energy is equally distributed between f and g components of the mode. And the condition
results in absence of coupling between modes |µ and | − µ . Here
Note that β µ = β −µ , while α µ = α −µ . For case of translational mode one has α 1 = 2 and also
which results in zero eigenfrequency ω 1 = 0. All properties (A5), (A6), (A8), (A11) directly follow from Eq. (11), which have the explicit form In order to estimate the asymptotic behavior of the eigenfrequencies for the case R s 1 we apply the variational approach [37] with the following trial functions Introducing function ψ = ϑ + iϕ one can write (10) in form of so called generalized Schrödinger equation [38, 56] ,
with the potentials A(ρ) = Ae χ , A = − cos Θ ρ + |d| 2 sin Θ,
The vector function A acts as a vector potential of effective magnetic field with the flux density 
The first term in (B3) is the gyrocoupling density: finally the total flux is determined by π 2 topology of the skyrmion, cf. Ref. 56
